We report our successful implementation of the full fledged relativistic equation of motion coupled cluster (EOMCC) method. This method is employed to compute the principal ionization potentials (IPs) of closed-shell rare gas atoms, He-like ions, Be-like ions along with Na + , Al + , K + , Be, and Mg. Four component Dirac spinors are used in the calculations and the one and two electron integrals are evaluated using the Dirac Coulomb Hamiltonian. Our results are in excellent agreement with those available measurements, which are taken from the National Institute of Science and Technology database (NIST). We also present results using the second order many-body perturbation theory (MBPT(2)) and random phase approximation (RPA) in the EOMCC framework. These results are compared with those of EOMCC at the level of single and double excitations in order to assess the role of the electron correlation effects in the intermediate schemes considered in our calculations .
I. INTRODUCTION
High precision calculations of the spectroscopic properties of heavy atomic and molecular systems are challenging due to the complex interplay between relativistic and correlation effects [1] . However, with the extension of several well established non relativistic many-body methods to the relativistic regime and the recent advances in high performance computing techniques, such calculations are no longer insurmountable. Studies of atomic parity non-conservation (PNC) and permanent electric dipole moments (EDMs) due to the violation of parity and time reversal symmetries [2, 3] , requirement of very accurate atomic properties for the precise estimate of systematic effects in the atomic clock experiments [4] [5] [6] , determination of nuclear moments [7] , calculations of sensitive coefficients to probe the variation of the fine structure constant [8] [9] [10] etc. require the development of powerful relativistic many-body methods. The spectra of multi-charged ions are of immense interest in many areas of physics; particularly in x-ray space astronomy, plasma physics and laser physics [11, 12] . Accurate values of ionization potentials (IPs), double ionization potentials (DIPs), and excitation energies (EEs), especially from the deep core orbitals, are required for setting up the probe and its tunability of the ionizing beam in experiments like e-2e, e-3e, γ-2e, double Auger decay etc [13, 14] .
Among the various wave function based methods, the coupled-cluster (CC) theory within the singles and doubles (CCSD) approximation is the most elegant way of calculating energy or energy differences of atoms and * h.pathak@ncl.res.in † s.pal@ncl.res.in molecules in the ground state as well as in the excited states [15] . Green's function and propagator techniques [16, 17] are the two traditional approaches to calculate direct energy differences. In the propagator approaches, the ground and excited states are treated simultaneously and due to the cancellation of common correlation effects, these approaches provide satisfactory results of these energy differences in a direct manner. In the CC domain, the Fock space multi-reference CC (FSMRCC) [18] [19] [20] [21] [22] [23] [24] and the EOMCC method [25] [26] [27] are the two most familiar variants for the calculation of direct energy differences. Many non-relativistic calculations of IPs, and EEs both in the FSMRCC [28] and EOMCC [29] [30] [31] frameworks are available, but their relativistic counterparts are far fewer for the former case and none for the latter.
Relativistic calculations are necessary for the spectral properties of heavy atoms and molecules as well as for highly stripped heavy ions. It is therefore desirable in such cases to have a theory which can simultaneously treat the electron correlation and the effects of relativity on the same footing as they are non-additive in nature. Kaldor and coworkers were the first to develop a relativistic coupled-cluster theory for this purpose. They applied the relativistic FSMRCC method to atoms as well as molecules. [32] [33] [34] [35] . The effective Hamiltonian formalism of the FSMRCC theory, based on the Bloch equation, acts within a model space [36, 37] . It uses a common vacuum with respect to which holes and particles are defined. The holes and particles are further classified into active and inactive depending on the requirements of the problem. While an increase in the size of the model space can target more states, it can lead to convergence problems, which is well known in the literature as the intruder state problem [38, 39] . The EOMCC method is basically single reference in nature and is closely related to the CC linear response theory (CCLRT) [40] [41] [42] . Chaudhuri et al. had applied the relativistic CCLRT to the ionization problem [43] . Hirata and co-workers [44] had employed the relativistic EOMCC method using two component valence pseudo-spinors alongwith a relativistic effective core potential (RECP) which was supplemented by the spin-orbit interaction [45] . The approach of Hirata and coworkers clearly lacks a rigorous description of the relativistic effects, which can be taken into account by using four component single particle wave functions and the Dirac Coulomb Hamiltonian.
In the present work, we consider the EOMCC method in the four component relativistic framework within the singles and doubles approximation (EOM-CCSD method) to calculate IPs by removing one electron from a closed-shell atomic system. This EOMCC method for the ionization problem is size consistent, and is equivalent to the (0,1) sector of the FSMRCC theory [46, 47] . It is capable of providing the principal as well as shake up IP values. The (0,1) sector FSMRCC theory does not address the shake-up states. Though the EOM-CCSD method is a size extensive method for the principal valence sector [48, 49] , it is not so for the shake-up states. The error due to the size extensivity is reduced due to the presence of the two hole-one particle (2h-1p) block. Being an eigenvalue problem, it is not affected by numerical instabilities due to the intruder states, which are very common in the FSMRCC method, do not arise. Two intermediate calculations are employed to assess the effects of electron correlation. We refer these as EOM-MBPT(2) and EOM-RPA methods. The scheme named EOM-MBPT(2) uses a first order perturbed ground state wave function which corresponds to MBPT(2) energy as ground state energy and in the scheme EOM-RPA, the EOM matrix elements are constructed in the one-hole (1h-0p) space. This paper is organized as follows. A brief discussion of the relativistic method used to obtain the single particle orbitals is presented in Sec. II. This is followed by a description of the EOMCC theory of the ionization problem and the computational details are presented in Sec. III. In Sec. IV, we give our results and discuss them before making our concluding remarks in Sec V. Unless stated otherwise we have used atomic units (a.u.) through out the paper.
II. GENERATION OF RELATIVISTIC ORBITALS
The four component DC Hamiltonian used to evaluate the atomic integrals is given by
where α i and β i are the usual Dirac matrices, V nuc (r i ) is the nuclear potential and
ri−rj is the electronelectron repulsion potential. Subtraction of the identity operator from β means that the energies are scaled with reference to the rest mass energy of the electron. The nuclear potential is evaluated considering the Fermi-charge distribution of the nuclear density as given by
where the parameter 'c' is the half-charge radius as ρ nuc (r) = ρ 0 /2 for r = c and 'a' is related to the skin thickness which are evaluated by
and c = 5
with r rms is the root mean square radius of the nucleus. In relativistic quantum mechanics, the four component single particle electron orbital is given by
where P (r) and Q(r) are the large and small components of the wave function and the angular functions are given 
for the Clebsch-Gordan (Racah) coefficient C(lσj; m − σ, σ), the normalized spherical harmonics Y m−σ l (θ, φ), the Pauli two-component spinors φ σ and the relativistic quantum number κ = −(j + 1 2 )a satisfying the condition for the orbital angular momentum l = j − a 2 with the total angular momentum j.
To generate the single particle orbitals, we use the relativistic Hartree-Fock (Dirac-Fock (DF)) Hamiltonian given by 100 (14s,12p,12d,10f,9g) 124.6565 9. 3248  109 (15s,13p,13d,11f,10g) 124.6620 9. 3249  116 (16s,14p,13d,12f,11g) 124.6639 9. 3249  118 (16s,14p,14d,12f,11g) 124.6639 9.3248 where h 0 is the single particle Fock operator with the DF potential
for all the occupied orbitals occ that leaves out contributions from the residual interaction V es = j<l
which is incorporated through the EOMCC method.
To retain the atomic spherical symmetry property in our calculations, the matrix form of the Coulomb interaction operator using the above single particle wave functions are expressed as
with the multipole k determined by |j a −j c | ≤ k ≤ j a +j c and |j
The angular momentum factor of the above expression is given by
where the coefficient
with Π e (κ, κ
The DF single particle orbitals, |φ n,κ (r) s, with principal quantum number n and angular quantum number κ are initially constructed as linear combinations of Gaussian type of orbitals (GTOs) by writing where C n,κ s are the expansion coefficients, N L(S) is the normalization constant for the large (small) component of the wave function and α ν is a suitably chosen parameter for orbitals of different angular momentum symmetries and f ν (r) = r l e −αν r 2 is a GTO. For the exponents, we use the even tempering condition α ν = α 0 β ν−1 with two parameters α 0 and β. It can be noticed in the above expression that the large and small components of the wave function satisfy the kinetic balance condition. The orbitals are finally obtained after solving the matrix eigenvalue form of the DF equation by a self-consistent procedure.
III. METHOD OF CALCULATIONS: EOM-CCSD
In the CC method, the ground state wave function of a closed-shell atomic system is defined as
where |Φ 0 is the DF wave function. The excited states is defined as
for a linear CI like excitation operator R µ . The operators R µ commute with T as they are strings of quasi-particle creation operators (but not necessarily particle conserving). Pre-multiplying the above equation with the non-singular operator e −T leads to
where ∆E µ is the energy change associated with the ionization process. and H = e −T He T − φ 0 |e −T He T |φ 0 is a non-Hermitian operator. This approach is usually known as EOM method for the excitation operators in analogy to the Heisenberg's equation of motion. In the EOM-MBPT(2) and EOM-RPA methods, the matrix elements of the effective Hamiltonian H are replaced accordingly in the above equation.
In the EOM-CCSD method, the cluster operators are defined as (17) where i, j indices are used for the occupied and a, b are used for the virtual orbitals.
The matrix elements of the effective Hamiltonian for the present ionization problem are constructed in the (1h-0p) and (2h-1p) space and diagonalized to get the desired roots. The Davidson algorithm [50] has been implemented for the diagonalizing H . This is an iterative diagonalization scheme through which eigenvalues and eigenvectors are obtained. It avoids computation, storage and diagonalization of the full matrix. The considered EOM-CC methods can be regarded as the diagonalization of the coupled cluster similarity transformed Hamiltonian in the CI configuration space.
IV. RESULTS AND DISCUSSION
To test the performance of our newly implemented four component relativistic EOM-CCSD method, we present numerical results of principal ionization potentials. The calculations are performed for the closed-shell rare gas atoms (He through Rn), beryllium like ions (B through Ar and Kr), helium like ions (Li, Ne, Na, Ar, Kr) along with Na + , Al + , K + , Be and Mg. These calculations are compared with the results obtained using the EOM-MBPT(2) and EOM-RPA methods to assess the role of electron correlation. All these results are compared with those of the measurements, which are taken from the National Institute of Science and Technology (NIST) [51] database. For the construction of the single particle orbitals, we have used both even tempered (ET) and universal basis (UB) functions depending on the convergence of the results. For Be-like systems, we use UB basis with α 0 = 0.004 and β = 2.23. We have used ET basis for other atomic systems. The corresponding α 0 and β parameters for ET basis for different atoms are given in Table I . The use of total number of orbitals generated at the SCF level is impractical in the CC calculations as the contributions from the high lying orbitals are very small in the present calculations owing to their large energy values, we consider only the orbitals that are significant of the calculations and they are termed as the active orbitals. In Table II , we present (SCF) energy which is our zeroth energy (E 0 DF ) and the correlation energies from the MBPT(2) (E 2 corr ) and CCSD (E CCSD corr ) methods along with the number of active orbitals of different symmetries used in the calculations.
All the Gaussian type of functions generated at the SCF level are not important for the ionization potential calculations. To investigate this, we have studied the convergence pattern of ionization potential as a function of basis set through a series of calculations. Be atom is chosen for the convergence study. We started our calculations with the 91 GTOs and gradually increased it to 118 GTOs. It is found that the IP value of the 2s orbital changes in the order of 1 × 10 −4 when the number of basis functions increases from 91 to 118. The change is more for the 1s orbital and it is found to be 1.76 × 10 −2 , which is also in the accuracy limit of 0.01%. As we are more interested in the valence ionization potential in the present work, an active space of similar basis set is sufficient to construct the orthogonal space for the inclusion of the correlation effects for all the systems without compromising the desired accuracy . The results are given in Table III .
We present the IP values of the helium like ions in Table IV . All the results are sub-one percent accurate and the result for Li + is the most accurate and the least accurate is 0.15% for Kr 32+ . This table shows that EOM-MBPT(2) results are always less than the EOM-CCSD whereas the EOM-RPA method over estimates them compared to the NIST values. Also, the differences in the results between the EOM-MBPT(2) and EOM-CCSD are less than those of EOM-RPA and EOM-CCSD. The reason why the EOM-RPA calculations may be over estimating is that the 2h-1p block, which is the major source of non-dynamical correlations, is not taken into account in this approach. The ground state wave function at the CCSD level is responsible for the major part of the dynamical correlations for which the EOM-MBPT(2) method seems to be a more valid approximation than the EOM-RPA method. This suggests that the non-dynamical correlations are also important for the calculations of the excited states. It is worth mentioning that the calculated EOM-CCSD IP results are larger than the NIST values for Ne 8+ onwards and the deviation gets larger as the nuclear charge increases.
In Table V , we give the IP results for the beryllium like systems. The 2s valence IPs of these systems are in excellent agreement with the NIST values. Our results for the 1s orbital match reasonably well with the NIST data. We find that the relative average deviation of the IP values of beryllium like systems (∼ 0.03%) are less than helium like (0.05%) systems with reference to the the NIST data.
The results for the rare gas atoms are given in Table  VI . For the Kr, Xe, and Rn atoms, we have calculated only the outer valence IPs. The most accurate EOM-CCSD result we obtain among them is for Xe atom. The 2p 3/2 valence ionization energy for the Ne atom differs from the experimental result by 0.1139 eV. The differences are 0.0357 eV, 0.0033 eV and 0.0004 eV for the Ar, Kr and Xe atoms respectively for their valence orbitals. The reason for these differences could be due to the possible double excitation character of the p orbitals and it decreases along the group. The IPs of the EOM-CCSD method predominantly account for contributions from the single excitations and to some extent from the double excitations. The discrepancies could be mitigated on inclusion of the triple excitations in the ground as well as in the EOM part which is computationally very expensive for the relativistic calculations and are not incorporated in the present implementation. The deviation is 1.54% for Rn atom, which is expected as higher order relativistic effects are non negligible for heavy elements and also due to the finite size of the basis sets.
In Table VII , we present the results for Na + , Al + , K + , Be and Mg. The largest deviation is found in the 2p 3/2 state of Na + which is about to be 0.33%. This could be due to the possible dominance of the double excitations. In the case of K + it is reduces to 0.05% and for Mg it is 0.06%.
V. CONCLUSION
The present work describes the four component relativistic implementation of the equation of motion coupled-cluster method at the level of single and double excitations for the ionization problem in closed-shell atomic systems. To test the reliability of this method, we have computed the ionization potentials of atomic systems from different groups in the periodic table. The calculations are performed using EOM-MBPT(2) and EOM-RPA besides EOM-CCSD to understand the role of electron correlation at all the three levels of approximation. The second order many-body perturbation method is found to under estimate the results, whereas the random phase approximation over estimates them. The EOM-CCSD results are in excellent agreement with the NIST data wherever available. 
